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1. Setting and Equations 

In the superstring theory, the internal space X 3 is a complex three-dimensional 
manifold with a non- vanishing holomorphic three- form f2 [15] (cf. pQ). The N = 1 
supersymmetry equation [HI [10] is 

d(\\ n |U w 2 ) = o, 

for some hermitian metric (form) oj. The above equation in mathematics says that 
cj is a conformally balanced metric. (We recall that [H] a hermitian metric a; on an 
n-dimensional complex manifold X n is called balanced if lo satisfies that 

d(to n - 1 )=0 onX n .) 

Note that [H [6] the torus bundles over K3 surfaces and over complex abelian surfaces 
twisted by two anti-self dual (1, l)-forms admit a non- vanishing holomorphic three- 
form Q and a natural balanced metric u>q such that 

(i-i) II n IL= i- 

As important examples in the superstring theory and non-Kahler complex geometry, 
the complex manifolds #k{S 3 x S 3 ) for any k > 2 [H[T2] also admit a non- vanishing 
holomorphic three-form [4] and a balanced metric [5]. Moreover, we know that 
^/ C (S' 3 x S 13 ) satisfies the <99-lemma [4]. A natural question to ask is, whether 
#fc(5 3 x 5 3 ) admits a balanced metric u>o such that (11. ip holds. Such a metric wo, if 
exists, will play an important role in the superstring theory and hermitian geometry. 

More generally, let X n (n > 3) be a complex n-dimensional manifold with a non- 
vanishing holomorphic re-form and with a balanced metric ujq. We want to look 
for a balanced metric u such that 

(1.2) w- 1 ^ 1 !^, 

for some real (n — 2, re — 2)-form 99, and such that 

(1.3) II^IU = some positive constant Co- 

In other words, we would like to find solutions of (|1 .3j) in the cohomology class 
[lUq- 1 } G iJ^C 1 '^ 1 ^)- Here H bc( X ) stands for the Bott-Chern cohomology: 

(keranker5)n^ 9 (X) 



im n np.«(x) 



1 
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One can certainly normalize the constant Co in (|1.3|) to be 1, as in (jl.ip . However, 
it may be more convenient to set 

from the equation point of view. As in the Kahler case, equation (jl.3p is equivalent 
to the equation 

(I 4) detw = II Igp = , ,/>" 

detwo || SI \\l f x uf 

Here we denote 



J = \M\l I wo. 



and denote 



A 



detw = det(5jj), if cj = — - — 9{]dzi A dzj. 

At the moment, we write 
^o" 1 + ^dd<p = (^) n_1 (n - 1)! 

n 

• (^<p)ij dz\ A dzi A ■ ■ ■ A dzj A • • • dzj A • • • A dz n A dz n . 

By dOD and 

.n— 1 ' v * 



"* -IVJ (n - i)! 

• (det uj) 9 lj dzi A dz\ A • • • A dzi A ■ ■ ■ dzj A ■ ■ ■ A dz n A dz n , 

we have 

(detw)^- 7 = for all 1 < i, j < n. 

Hence, 

1 i 

n-l 



detw = {det [(^)ij]}"- 1 = {det [u;™- 1 + (V=i/2)d5<p]}«-K 

Here det[wQ _1 + (\/—l/2)dd<p] stands for the determinant of n x n matrix of its 
coefficients. Thus, equation (|1.4j) is equivalent to 

fl 5) det^"- 1 + (v^T/2)90^] = e(n _ 1}/ / J>^ " 

1 " ' det^- 1 \Jx^o 

We call the above equation the form-type Calabi-Yau equation. Clearly, by inte- 
grating (11. 4h . we obtain a compatibility condition 

(1.6) / e*u% = [ < 

Jx Jx 
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Let us denote by V{ojq) the set of all smooth real (n — 2, n — 2)-forms ip such that 

^o" 1 + ^-ddi) > on X. 

The question is therefore reduced to find, for a given / E C°°(X) with (jl.6p . a 
smooth real (n — 2, re — 2)-form tp 6 T^wo) satisfying (jl.5jl . 

Here is the geometric interpretation of our equation. Let us briefly recall some 
definitions related to the hermitian connection. We follow [9] . Let R be the curvature 
of hermitian connection with respect to metric to. Then, 

= d 2 g fj " pq dgjgdgpj 
dz k dz { dz k dzi ■ 

We set 

n 

»J=1 

and associate with it a real (1, l)-form given by 



Ric h = \/— T Rkid z k A dzi 



k,l=l 

We call i?ic ft the Ricci curvature of hermitian curvature. Clearly, 

Ric h = v /r T(?51og(detw). 

So || f2 ||^= Co is equivalent to the Ricci curvature Ric h = 0. 

On the other hand, we can also define the Ricci form Ric s of the spin connection 
(i.e. Bismut connection) on a hermitian manifold. The relation between the two 
Ricci forms is given by [llj 

Ric s = Ric h + dd*u. 

Here d* is the adjoint operator of d with respect to the metric to. So when to is 
balanced, Ric s = Ric h , and hence, || U || w = Co is also equivalent to the Ricci 
curvature of the spin connection is zero. 

In particular, if loq is Kahler and let tp to be 

n-2 



either ( ■ ^( — ^ — 9du) n % 2 AwJ, or 

i=o ^ * ' 

- A Bu A g ^ T l ) (^ddu) M A 4, 



then (11.51) is reduced to 



det(wo + ^n—ddu) , 
= e 7 . 



det wo 

This is the classic equation in Calabi Conjecture on c\{X) = 0, which was settled 
by Yau [J6]. 



1 
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It seems to us that a form-type equation such as (11.50 has not yet been well 
studied. To begin with, we consider the form- type Calabi-Yau equation on T n , the 
complex n-torus. Let (z±, . . . , z n ) be the complex coordinates on T n induced from 
C n . Then, any non- vanishing holomorphic ra-form 0, on T n is equal to 

dz\ A • • • A dz n 

up to multiplying a nonzero constant. We fix such an n-form Q. By a constant 
form or a constant metric on T n we mean a differential form or a metric on T n with 
constant coefficients. Let uo be a balanced metric on T n . As far as the Bott-Chern 
cohomology class of uj T q 1 ~ 1 is concerned, we can assume, without loss of generality, 
that ujq is a constant metric on T n . This is due to the fact that any closed differential 
form on T n is cohomologous to a constant form, and the <9<9-Lemma. Our result is 
as follows: 

Theorem 1. Let £1 be a non-vanishing holomorphic n-form on T n , and ujq is a 
constant metric on T n such that \\£l\\ uo = 1- We denote by Co a positive constant. 

(1) If Cq < 1, then for any metric uj on T n such that [uj n ~ 1 \ = [uJq~ 1 \ £ 
i?££ 1,n_1 (T n ) and that \\£l\\u) = Cq, we must have Cq = 1 and 

UJ = UJo- 

(2) For each Co > 1, there exists a non-Kdhler balanced metric uj on T n such 
that [oj'" 1 - 1 ] = [ujq" 1 } and that 

II^IU = Co- 
One can see from Theorem [T] that the normalization constant Co plays a role 
here. When Co < 1, the theorem tells us that Calabi-Yau metric is the unique 
canonical balanced metric. It is the second case, Co > 1, that marks the difference 
between a form-type equation and a usual function-type equation. In this case, we 
establish the existence of a desired balanced metric which is not Calabi-Yau. We 
further generalize the uniqueness part, Theorem Q] (pQ) , to an arbitrary Calabi-Yau 
manifold: 

Theorem 2. LetX be a compact Kahler manifold with a non-vanishing holomorphic 
n-form £1. Let ljq be the Calabi-Yau metric such that H^ll^, = 1. Then, for any 
balanced metric uj on X such that uj"" 1 " 1 represents the Bott-Chern cohomology class 
of Wq _1 and such that ||fi|| w = Co < 1, we have 

UJ = UJo- 

For a general case that ujo is non-Kahler, one can use the continuity method to 
solve (|1.5p . As an initial step we settle the openness. Here we have to assume X 
to be a Kahler manifold, endowed with a Kahler metric ij. For nonnegative integers 
k and m, and a real number < a < 1, we denote by C k ' a (A m ' m (X)) the Holder 
space of real (m, m)-forms on X, and in particular, C k,a (A°>°)(X) = C k,a (X). Let 

f k ' a (X) = Le C k ' a (X); J^uZ = jf otf } . 
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Then T k ' a (X) is a hyperplane in the Banach space C k > a {X). We define a map 
M : V(tu ) n C fc+2 ' a (A n - 2 ' n - 2 (X)) by 

^^(l)-'-(S)' 

Note that equation (jl.5p can be written as 

M(^) = /. 

Theorem 3. Let X be an n- dimensional Kdhler manifold, k > n + 4 be an integer, 
and < a < 1 tea rea/ number. Given f G suppose that ip G 'P(<-Jo) t~l 

C fc+2 ' Q (A n - 2 ' n ~ 2 (X)) sate/ies 

Mfo>) = /. 

Then, there is a positive number 5, such that for any g G J- k,a (X) with \\g — 
f\\c^(x) < i/iere e2;isfe a function ip G P(w ) n cfc+2,«(A"- 2 .™- 2 (X)) suc/i t/ioi 

The rest of the paper is organized as follows: In Section[2l we first show TheoremQ] 
([T]). Next, we prove Theorem [T] ([2]) by explicitly constructing a smooth solution ip G 
V(ojo) for the form-type equation. These arguments make use of special properties 
such as the periodicity of T n . We prove Theorem [2] at the end of Section [2l In this 
respect, we essentially present two proofs for the uniqueness on T n , as they may 
have interests of their own. In Section [3j we prove Theorem [3] in full details, where 
one can see the compatibility condition is crucial. Moreover, the approach differs 
from the standard one in that, the special (n — 2,n — 2)-forms (wq n ~ 2 ) are taken, 
and also in the argument of Proposition O and Proposition [T5l 

Acknowledgment. The authors would like to thank Professor S.-T. Yau and also 
L.-S. Tseng for helpful discussion. Part of the work was done while the third named 
author was visiting Fudan University, he would like to thank their warm hospitality. 
Fu is supported in part by NSFC grants 10771037 and 10831008. 

2. Uniqueness and Existence 

In this section, we adopt the following index convention, unless otherwise indi- 
cated. For an (n — 1, n — l)-form O, we denote 

/ <J—\ \ n— 1 

e=(V) _ 

• ^2 ®P<i dzl A • • • A 'dzP A • • • A dz n A dz 1 A • • • A dz q A • • • A dz 11 . 

P,Q 

And, if the matrix (@ P q) is invertible, we denote by (O p ^) the transposed inverse of 
(Q P q), i.e., 

£e^ f = <%. 
i 

In the following, we may also use the summation convention on repeating indices. 
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2.1. Torus case. Throughout this subsection, we consider X = T n , the complex 
n-torus. We shall prove Theorem [U Note that the first part of Theorem Q] follows 
immediately from Lemma [4] below. We shall prove the second part in Lemma [3 

Lemma 4. Let ujq be a constant metric on T n . Suppose that there exist an (n — 
2,n — 2) -form <*p £ V(ujq) and a constant < Co < 1 such that 

(2.1) C det + ^Y-dd(p \ = detwj -1 . 
Then, we have Co = 1 and 

y/^lddif = 0. 

We need two propositions to derive Lemma [H Let (zi,...,z n ) be the com- 
plex coordinates on T n induced from C". The corresponding real coordinates are 
(xi, . . . , X2n)- Here we denote 

d 1 / d d 

(2.2) zi = x 2 i-i + V-lx 2 i, and hence, — = - v— 1- 



dzi 2 \dx2i-i dx 2 i 
for all 1 < i < n. We choose the following volume form on T n : 

dV = (V^l/2) n dz 1 A dz\ A • • • A dz n A dz n . 

Here are two elementary facts: 

Proposition 5. For any smooth complex function f defined on T n , we have 

[ d 2 f 

/ p> p> dV = °> for all i, j = 1 • • • , n. 

J'J'n OZiUZj 

Proof. We write 

/ = /i + V=T/ 2j 

where /i, /2 are real functions on T n . Then, 



d 2 fi d 2 h d 2 h r-( d 2 h d 2 f 



1 + 



dzidzj dx2i~\dx2j~\ dx 2 idx 2 j \dx2idx2j-1 dx2i-\dx2j , 

We have a similar equation for f2- And note that 

dV = dx\ A • • • A dx2n- 

The result then obviously follows from the fundamental theorem of calculus. □ 

Proposition 6. Let B = (b^) be a hermitian matrix on T n , in which each entry 
bfj is a complex smooth function defined on T n such that 

[ b fj dV = 0. 

Assume that I + B is everywhere positive definite, and there is a constant c > 1 
such that 

det (7 + B) = c on T n , where 7 = (5 fj ). 
Then, c = 1 and B = 0. 
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Proof. Since / + B is positive definite, we have 

(2.3) tr(/ + B) ^ ^ det ^ + B j = „^ onT n^ 

n 

Integrating (|2.3p over T", we obtain 

/ tr < J + j; W^/ dV. 

Thus, c = 1, and the inequality of (|2.3|) is in fact an equality. That is, 

(2.4) tr(J + B ^ = Z/det(I + B) = 1, on T n . 

n 

Now at an arbitrary point x in T n , we choose a unitary matrix U such that 

f/££7 T = dial{Ai,--- ,A n }. 
Then (12. 4p is equivalent to that 

1 + Ai = 1 + Ai = • • • = 1 + A n = 1. 

This implies that 

Aj = 0, for alii = 1, . . . , n. 
Therefore, B = at x. Since x is arbitrary, this finishes the proof. □ 

Let us now proceed to prove Lemma [U 
Proof of Lemma [4l Let 

w ° = (V) (n_1)! 

• ^ ^pqdz 1 A • • • A dzP A • • • A dz n A dz 1 A • • • A d£Q A • • • A dz™. 

Here (^jj) is a constant, positive definite, hermitian matrix. We can then take a 
non-degenerate constant matrix A such that 

(2.5) A^^A? = I. 

We define a hermitian matrix = ((i^)jj) on T n by 

V_^=(^_) (n-1)! 

• ^(F^pgdz 1 A • • • A dzP A • • • A dz n A dz 1 A • • • A 3i? A • • • A dz n . 

P,i 

It follows from Proposition that 

f (F v ) i -dV = 0. 

Then, by (JUD and (|23|) . 

det(/ + AF^ T ) = C " 1 . 
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Since (p E V(ujq), we obtain 

/ + AF^A T > on T n . 
Applying Proposition [6] yields that Co = 1, and 

AF V A T = 0, 

and therefore, 

F v = 0. 



□ 



The following lemma establishes the second part of Theorem [TJ By a linear 
transformation, if necessary, we can assume the constant metric ujq on T n to be the 
standard metric: 

too = (dzi A dz\ H h dz n A dz n ) . 

Lemma 7. For any < 5 < 1, there exists a smooth (n — 2, n — 2)-form (p 6 V(ujo) 
such that 



(2.6) det ( lv^- 1 + ^ ddip = Jdet^" 1 . 



-1 

Proof of Lemma [3 We set 



(2.7) 



(p = (n — 1)! I — - — -Zi)dz3 A A • • • A dz n A cfe n 



2 

+ v(zi, z\)dz2 A c?Z2 A dz% A A dz4 A A • • • A (fz n A dz n 



Here w, u are two real smooth functions to be determined. Since u and v depend 
only on the first variable, the equation (|2.6|) becomes that 



/ V dz\dz\ 

This reduces to an equation on T 1 . Note that 

d 2 u d 2 v 
o a - = &u, = Av, 

az\oz\ oz\oz\ 

where A is the standard Laplacian on T , i.e., the Laplacian associated with cjoIt 1 - 
We can rewrite (|2.8p as 

(2-9) 1 + A "=ITa? 

Our strategy is to fix a function v and then solve (|2.9[) for a function u. Note that 
for a fixed v, the necessary and sufficient condition to solve (|2.9h is that 

wo It 1 



(2.10) / wolri = 5 

rpl Jrpl 1 + AV 



Now let 



(2.11) v = -4fcsin ( Zl + Zl ) = -4fcsinxi, 
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where < k < 1 is a constant to be determined, and the change of coordinates is 
given by (|2^2| . Then, (pTTOj) becomes that 



that is, 



dxi A dx2 = / ; — : dx\ A dx2, 

T i J T i 1 + k sin xi 



2jt 



(2.12) / dxi = 2tt. 

Jo 1 + fcsmxi 

It follows from the proposition below that, for each < 5 < 1, there exists a real 
number < k < 1, depending only on 5, such that (|2.12p holds. Therefore, for 
v given by (|2.1ip . there is a smooth function u, unique up to a constant, satisfies 
(|2.9p . Also, by the construction, 



1 + Av > 0, 1 + An > 0. 
Thus, by (|2.7p we obtain an (n — 2, n — 2)-form (p £ 'P(wo) which solves (|2.6|) . □ 
Proposition 8. Let 

(2.13) Z(fc) = — [ dx, for all < k < 1. 

27r Jo 1 + « sin x 

Then, for any < 5 < 1, there exists a unique number < kg < 1 sitc/i i/iat 

Z(^) = r 1 . 

Proof. Clearly, the function Z is smooth on < k < 1. Note that ^(0) = 1, and 
that 

1 f 2n dx 

Z(k) > 



2ir J3 n /2 1 + k sin x 



1 /1 + fc 

: arctan \ > +oo, as k — > 1 . 



vrv 7 !^^ VI- 

The existence then follows from the intermediate value theorem in calculus. The 
uniqueness is due to the monotonicity of Z on [0, 1), which is readily seen by verifying 
Z'(0) = and Z" (k) > on [0, 1). □ 

2.2. Kahler case. In this subsection, we shall prove Theorem [21 Observe that it 
is sufficient to prove the following lemma. 

Lemma 9. Let (X, coq) be a compact Kahler manifold. Consider 

det ^w™" 1 + ^^ddip) = Ci detu;^ 1 , 
where ip S V{ojq), and C\ > is a constant. If ' C\ > I, then 
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Proof. By a direct calculation, since ojq is Kahler, we have 



/ fa 
Jx 



1 



-dd<p) _Wq = n / w A 



-1 



0. 



Similar to the torus case, we apply the arithmetic-geometric mean inequality to 
obtain 



Ci 



(2.14) 



detfa™" 1 ) 

< i + H~ x f 



l/n 



—dd<f) 



2 ' J i] 

Integrating over X with respect to ojq and using first equality yields that 



This shows that C\ = 1 and we must have a pointwise equality in (|2.14p . This forces 
that 

^^ddip = 0. 

□ 



3. Openness 

Let (X, rf) be a Kahler manifold, and loq be a balanced metric on X. Given 
/ G C°°(X), we would like to study the solution ip G V{ujq) of the following equation 

(3.1) 



w, 



Here is a positive (1, l)-form on X such that 



n-1 



n-1 



+ (V=l/2)ddip, 



and 



V 



4, 



x 



Equation (|3.ip is the same as (jl.4p . which is equivalent to the form- type Calabi-Yau 
equation (|1.5p . A compatibility condition for (|3.ip is 



j x 



In what follows, we fix k to be an integer greater than n + 3, and fix a real number 
a with < a < 1. We denote by C fc ' Q (X) the usual Holder space of real- valued 
functions on X. Recall that 



F k ^{X) = j# G C fc ' a (X); J e 9 uj% 



V 
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which is a hyperplane in the Banach space C k,a (X). For any ip contained in the 
intersection of V{u ) and C k+2 ' a (A n - 2 > n - 2 {X)), 



(X). 



By the map M, equation (|3.1|) can be rewritten as 

M(<p) = f. 

To prove Theorem [3l we first compute the linearization of M. 

Proposition 10. Let G(ip) = uj™ for all ip G V{ojq), and denote by G v the Frechet 
derivative of G at ip. Then, given ip G V(uq), we have 



G v ty) 



n \ 



2(n- 1) 

for all %j) G C k+2 ' a (A n - 2 > n - 2 (X)). 

Proof. For any real (n — 2, n — 2) -form ijj, 



ddip A Up, 



d 



s=0 



(3.2) 



n-l 



s=0 



s=0 



s=0 



(3.3) = (V-l/2)ddiP Au) tp + w™" A ^(^ +sV) ) 

Comparing (|3,2p with (|3.3p . we obtain that 



s=0 



n — 1 



□ 



Corollary 11. For any <p the Frechet derivative of M at <p is given by 



(n - 1) L- w» 



(n - 

/or a// V G C fc+2 ' a (A n " 2 ' n - 2 (X)). 

Next, we recall the Local Surjectivity Theorem (see [131 p. 108], for example). 

Theorem (Local Surjectivity Theorem). Let £ and J- be Banach spaces, and 
U C £ be an open subset. If 5 : U —> T is a C 1 map, and J-^ = D$(£) is onto for 
some £ G U , then $ is locally onto; that is, there exist open neighborhoods U\ of £ 
and V\ 0/^(0 such that 5|[/i :Ui—*Vi is onto. 
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Thus, to show Theorem [3l it suffices to show that the linearization is surjec- 
tive from c k+2 ' a (A n ~ 2 ' n - 2 (X)) to T f F k ' a (X), which denotes the tangent space of 
!F ,OL {X) at /. Now let us introduce the space 



£ k > a (X) = ih€ C k ' a {X); J huj™ = j 



Note that £ k ' a (X) is itself a Banach space, as a closed subspace in C k,a (X). There 
is another point of view: We can define an equivalence relation on the elements in 
C k ' a (X) by 

h ~ g if and only if h — g = some constant. 
In this regard, £ k ' a (X) = C k > a (X)/ ~. Observe that 

T f T Ka {X) =£ k ' a (X). 

To prove the surjectivity of Mm, we consider a special class of the (n — 2, n — 2)- 
forms, that is, 

(3.4) ijj = ur] n - 2 , where u££ k+2 > a (X). 

We recall that r\ is the Kahler metric on X. For simplicity we denote 

L{u) = M v (w] n - 2 ). 

Then, by Corollary I 111 

(V=I/2)00u A 7] n ~ 2 n f x (V=T/2)ddu A r, n ~ 2 A tJ v 



n 

(3.5) Lu = — 

(n-lV» (n-l)/ x a;» 

We shall prove the following result: 

Lemma 12. Ze£ > n + 4, and < a < 1. For any /i G £ fc,a (X), i/iene exists a 
unique function u £ £ k+2,a (X) satisfying that 

(3.6) Lu = h; 

Lemma [H implies that M v : c k+2 ' a (k n - 2 ' n - 2 (X)) £ fc > a (X) is surjective, and 
hence, Theorem [3] follows. 

The rest of this section is devoted to prove Lemma [T2l We denote by W k,p (Q, lo v ) 
the usual Sobolev space with respect to lo v on a domain f2 in X. In the rest of this 
section, we may denote W k ' p (Q) = W k,p (tt, w«) for simplicity; furthermore, when 
= X, we abbreviate = W k ' p (X) = W k > p (X,uj ip ). Notice that W°' 2 (X) = 

L 2 (X). 

We introduce the following spaces: 



and 



H= S^veW^iX); j vuj™ = 
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Clearly, Ti and C are Hilbert spaces, as closed subspaces in W 1,2 (X) and L 2 (X), 
respectively. We define a bilinear map A : H x 7i — > R by 



+ ^ — J vrf 1 2 A A (<9u A <9u^ + du^ A <9it) . 

Definition 13. Given h £ C, we say that u £ H is a weaA; solution of the equation 
(3.7) - Lu = h, 

if u satisfies that 

for all v G TC. 



(3.8) A(u,v) = [ hv^ = {h,v) L 2, 

Jx 



Let us remark that, if u is a classical solution of (|3.7p . i.e., ii G C 2 (X), then one 
can obtain (j3.8l) by integrating (|3.7p by parts with respect to u™. Conversely, we 
have the following result: 

Proposition 14. If u & C 3 (X) satisfies (|3.8p /or some /i G C 1 ^) n £, i/ien 

— Lu = h. 

Proof. First, we claim the following fact: If x £ C 1 (X) satisfy that 
(3.9) / xv wj = 0, forallvGW, 

then x is a constant function on X. To see this, let 

then v £ Ti. and (|3.9|) implies that 

^ = o. 

x 



This proves the claim. It follows that 

n{yf^l/2)ddu A rf 1 - 2 A u ¥ 



/i = some constant. 



(n - 

Thus, integrating with respect to yields the result. □ 

The following weak maximum principle is similar to that on a domain in the 
Euclidean space (see, for example, Gilbarg-Trudinger p. 179]). Proposition [T5l 
is trivial, if duJ v = 0. 

Proposition 15. Suppose that u G 7i satisfies 

(3.10) A(u, v) = 0, for all v G H. 

Then, u = 0. 
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Proof. It suffices to prove sup^ u < 0, as one can then replace u by —u. (Here sup 
stands for the essential supremum.) Suppose the contrary. Take a constant <5 such 
that < 5 < supx u, and define 

(3.11) v = (u-S) + - Jx \ I y , 

Jx 

in which (u — 5) + = max{u — 5,0}. Then, v S Ti and 

du, if v 7^ 0, 



dv 



0, iiv = 0. 



Let us denote by T the compact support of dv. Then, we obtain by (|3.10j) and 
metric equivalence of rj, 

\\\7vf L2 = J \Vv\ 2 ^ < cJ \v\\Vv\u», 

Here C > is a generic constant depending only on rj, uj v , and n. Apply Holder's 
inequality to get 

(3.12) ||Vw|| L 2 < C\\v\\ L 2 [r) . 

On the other hand, combining the Sobolev inequality and Poincare equality yields 
that 

(3.13) IMIxa»/<»-i) < C(\\Vv\\ L 2 + \\v\\ L 2) < C\\Vv\\ L2 . 
Hence, by (|5^2]l and (l3TT3j) . 

\\V \\ L 2n/(n-l) < C||f||i2(r) < C| T| 2» 1 1 V \ \ L 2n/{n-l) , 

in which |T| denotes the measure of T with respect to u». It follows that 

(3.14) |r| > C" 1 . 

This inequality holds for any v given by (|3.1ip with < 5 < supu. Moreover, we 
notice that T is contained in the compact support of v. Letting 5 tend to supu 
implies that u must attain its maximum in X on a set of positive measure, where 
Du = 0. This contradicts with (|3.14p . This proves that sup u < 0. □ 

The next two propositions are standard, for which we need the Lax-Milgram 
Theorem (see Evans [21 p. 297], for example) and the Fredholm alternative (see [21 
p. 641] for example). We include them here for completeness. 

Theorem (Lax Milgram Theorem). Let H be a real Hilbert space, and I : 
H x H — > M be a bilinear mapping. Assume that, there exist positive constants (3 
and \i such that 

\I{u,v)\ < P\\u\\\\v\\, for all u,v S H, 

and 

I(v,v) > /i|M| 2 , for all v G H. 
Then, for any bounded linear functional f on H , there exists a unique element u € H 
satisfying that 

I(u, v) = f(v) for all v £ H. 
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Theorem (Fredholm alternative). Let E be a Banach space and K : E — > E be 

a compact linear operator. Then, 

ker(J - K) = {0} if and only if Im(J - K) = E, 
where I : E — > E is the identity operator. 

Proposition 16. There exists a nonnegative constant 7, depending on lo v and r\, 
such that for any h G C, there exists a unique weak solution u £ TC of 

(3.15) — LyU = —Lu + 7U = h. 
That is, the function u satisfies 

(3.16) A(u, v) + j(u, v)l2 = (h, v)l2, for all v G TL. 
Proof. We have, by the metric equivalence of rj and u^, 

\A(u,v)\ < (5\\u\\ w i,2\\v\\ w i,2 , 

and 

A(u,u) +7||n|| L 2 > //||u||iyi,2. 

Here (3 > 0, 7 > 0, and fj, > are constants depending only on 77 and ui v . The result 
then follows from applying Lax-Milgram Theorem to 

I(u, v) = A(u, v) + j(u, v) L 2 , for all u,v ETC. 

□ 

Proposition 17. For any h G C, there exists a unique weak solution u £ 7i of 

—Lu = h. 

Proof. By Proposition [16] we can define a map L" 1 : C — > TL as follows: For each 
/ G £, we define L~ l {f) to be the unique function w G TL satisfying 

A(w, v) + j(w, v) L 2 = (f, v) L 2 . 

Clearly, L~ l is linear, and is a compact operator from C to £, in view of Rellich 
Theorem. To prove the result, it suffices to show that, for a given h G C, there 
exists a unique u G £ satisfying that 

u = L~ l (h + ju). 

Equivalently, we need to solve a unique u G C for the following equation: 

(L- 1 L~ 1 )u = L~ l h. 
To invoke the Fredholm alternative, we turn to the kernel of (/ — ^L~ ) in C, i.e., 

{L-jL-^u = 0, foralluG£. 
This is equivalent to investigate the function u G TL such that 

A(u, v)=0 for all v G TL. 
By Proposition ll5l u = 0. The result then follows from the Fredholm alternative. □ 
Now we are in a position to prove Lemma fl2l 
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Proof of Lemma 1121 The uniqueness of (|3.6I) is an immediate consequence of 
Proposition \T7\ since a C 2 solution of (|3.6j) is in particular a weak solution of 
— Lu = —h. 

Given h E C k ' a (X), we have h E W h,2 (X), since X is compact. Then, by 
Proposition CLZl equation (13.6|) has a weak solution u E Ty 1,2 (X). Then, we obtain 

u e ^ fc + 2 ' 2 (X), 

by the local regularity theorem (see, for example, Evans [2l p. 314] or Gilbarg- 
Trading p. 186]). Since k > n + 4, k - 2n/2 - 1 > 3. We apply the Sobolev 
imbedding theorem to obtain that 

u E C 3 (X). 

By Proposition 1141 u is the classical solution for f|3.6[) . It follows from the bootstrap 
argument ([7J p. 109]) that 

u E C fc+2 ' a (X). 

□ 
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